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Chapter 5 The mechanics of floppy rope networks under stress

Abstract

Sub-isostatic networks of rope-like fibers are governed purely by stretching interactions

and are therefore unstable towards small deformations. They become stable at a nonzero

critical strain, exhibiting a continuous transition from floppy to rigid states much like

the ferromagnetic transition in magnetic systems. It is known that introducing a finite

bending resistance to the fibers acts like a field that can stabilize the floppy state, giving

rise to a linear modulus that scales linearly with the fiber rigidity. As the network

is brought closer to the critical strain, it is further stabilized by the increasing self-

generated normal stresses. Here, we isolate the effect of stress as a stabilizing field by

focusing on rope networks. We show that applying a constant prestress to a sub-isostatic

rope network under shear can stabilize the floppy regime in which the resulting linear

modulus scales sublinearly with the applied stress. The sublinear scaling suggests that

the system is highly susceptible to applied stress. We propose a stiffening relation that

captures the mechanics of stress-stabilized rope networks below the critical strain. The

stiffening exponent depends on the network connectivity in a way that networks close

to the isostatic limit become more susceptible to stress.

5.1 Introduction

Networks of biopolymers are ubiquitous in biological systems involved in structural and

mechanical stability. Examples include cross-linked cortical actin in the cytoskeleton

and the extracellular matrix composed of branched collagenous networks. The underly-

ing local network geometry and interactions between the constituent fibers play a key

role in determining the stability of these networks. Typically, these networks have on

average between three or fourfold connectivities, corresponding respectively to branching

or cross-linking. If the fibers interact only via central forces such tension and compres-

sion, then these networks are sub-isostatic and are therefore unstable with respect to

small deformations [123] since the average connectivity z < zc = 2d where d is the

spatial dimensionality of the network. Nevertheless, sub-isostatic networks can be rigid-

ified through various stabilizing fields such as strain [145], fiber bending interactions

[75, 100, 101, 113], active stresses [89, 125], or thermal fluctuations [133].

In addition to a stable linear response, biopolymer networks also exhibit striking non-

linear elasticity: for less than 10% increase in strain, they exhibit almost two orders

of magnitude increase in stiffness [76]. Such nonlinear mechanics are observed for in-

tracellular cytoskeletal filaments such as actin and intermediate filaments as well as for
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5.1 Introduction

extracellular fibrin clots and even whole tissues [186–189]. Network stiffness may orig-

inate at the level of individual fibers, in which inherent fiber geometry and material

properties or undulations due to thermal fluctuations give rise to finite bending compli-

ance. Models based on stretching out thermal fluctuations of a fiber have been shown

to account for the observed stiffening of actin, intermediate filaments and even fibrin

[63, 75, 76]. However, several numerical studies on disordered fibrous networks have

pointed out the role of non-affine network deformations in nonlinear strain stiffening

[72, 99, 102, 143]. Such athermal network models take into account both stretching

and bending of fibers [70]. Although these networks are composed of linear elements,

they exhibit large strain-stiffening over a narrow strain range. For small strains, the

linear response is governed by the softer fiber bending modes [100, 101, 113, 126]. For

very large strains, bending modes are geometrically prohibited and the stiffness of the

network is then governed by stretching of the filaments [115]. However, in the narrow

strain stiffening regime, the applied deformation is relatively insufficient to cause any

significant geometrical alignment of the fibers.

Another aspect of nonlinearity in the mechanics of these networks is the development

of negative normal stresses in response to increasing shear strain. Most solid materials

exhibit what is known as the Poynting effect [104], in which the material responds

by expanding in a direction normal to an externally applied shear deformation. This

explains why metal wires increase in length under torsion. By contrast, biopolymer gels

have the opposite response, which is explained either by the inherent asymmetry in the

force-extension response [78] or buckling [71, 72, 105, 106] of the fibers.

It has been pointed out that the magnitude of negative normal stresses can be as large as

the shear stress, and that it may be related to the nonlinear strain stiffening of biopoly-

mer gels [78]. Indeed, a recent work on the nonlinear mechanics of collagen networks

has shown that stiffening results from the added stabilizing effect of the self-generated

normal stresses that coincides with the onset of nonlinearity [88]. The susceptibility of

the network to stress is determined by the underlying network architecture. The fixed

constraint imposed at the shear boundaries leads to the build-up of normal stress at

these boundaries with increasing shear. By removing this constraint, the stiffness drops

back to the level of the linear modulus, which is determined by the bending resistance

κ of the constituent fibers [88, 107]. In other words, when the self-generated normal

stress becomes sufficiently large to dominate the initial stability due to κ, the stiffness

becomes driven by stress in a way analogous to the linear dependence of magnetization

on the applied field in paramagnetism.

This analogy has been applied in a related work looking into the stabilization of sub-

isostatic networks as a continuous strain-controlled rigidity transition from floppy to
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rigid states [103], showing hallmark signatures of a continuous phase transition. The

transition occurs at a critical strain γc > 0 determined by the local network geometry

[102, 103]. In the absence of any stabilizing field such as κ, the stiffness vanishes in a

floppy phase for γ < γc, and increases continuously with strain in a rigid phase for γ ≥ γc

as a power law K ∼ |γ − γc|f . For finite κ, the floppy phase becomes a stable regime

with K ∼ κ. At the critical strain, the susceptibility of the network stiffness diverges

with vanishing κ. This behavior is reminiscent of the paramagnetic-ferromagnetic phase

transition in magnetic systems, with κ playing the role of an applied external field.

Indeed, networks with finite fiber bending interactions are further stabilized in the non-

linear regime by the self-generated normal stresses that arise from the increased macro-

scopic shear deformation. In the absence of κ however, the stabilizing effect of normal

stress remains unclear especially in the limit of small deformations. Understanding the

role of stress as a stabilizing field may be relevant in real networks since these can

manifest for example in the form of myosin motor activity in cytoskeletal contractility

and traction forces on the extracellular matrix through cellular mechanosensing. Active

motor stresses or cellular contractility can give rise to shear moduli that are as large or

even greater than the moduli of the passive underlying substrate [89, 190]. Moreover

in rheometry experiments, boundary stresses always remain after polymerization of re-

constituted networks [110]. In this chapter, we address the stabilizing effect of normal

stress on a sub-isostatic network of rope-like fibers under shear. By applying a uniform

isotropic or uniaxial extension to an otherwise unstable rope network, we isolate the

contribution of stress from other stabilizing fields such as fiber bending interactions. We

show that the linear modulus of these networks scales as a power law with the applied

stress, with an exponent that leads to a divergent susceptibility for vanishing stress.

This suggests that sub-isostatic rope networks become infinitely susceptible to stress

that invokes fiber stretching modes, including any self-generated normal stresses. From

these observations, we propose a phenomenological relation that reasonably captures the

nonlinear stiffening of rope networks stabilized by stress.

5.2 The Sub-isostatic Rope Network

In this section, we describe a minimal model of a sub-isostatic network in which the the

constituent fibers are modeled as floppy ropes whose elastic response is governed solely

by a resistance to backbone stretching. We choose cross-linked or branched network

structures, where the average connectivity lies between three-fold (z = 3) at branch

points and four-fold (z = 4) at cross-links [103, 122]. Since the individual rope-like fibers

only interact through central force interactions in the form of tension, the network is
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5.3 Network Elasticity

Figure 5.1: Illustration showing the elastic energy of a rope-like fiber, the left end of
the fiber is held fixed as the other end is pulled to the right (arrow). The contour length
of the fiber is indicated by the dashed red-black line. The elastic energy is only nonzero
when it undergoes stretching along its backbone (red line). When the end-to-end length
is less than the contour length, the energy is zero (black curve).

unstable to small deformations [123]. Rope fibers have finite compliance to backbone

stretching and are completely floppy with respect to bending. When the network is

deformed, the elastic energy stored in each fiber can be expressed as a unidirectional

Hookean spring:

Hf =
µ

2

∫
f

(
dl

ds

)2

ds,
dl

ds
> 0, (5.1)

where µ is the fiber stretch modulus and the integration is evaluated along the fiber

contour. Here, the response is zero under backbone compression (Figure 5.1).

We generate a disordered sub-isostatic phantom network [114, 115] by arranging rope

fibers into a two-dimensional triangular lattice of size W ×W . The lattice occupies a

total area A = a0W
2, where a0 is the area of a unit cell. Periodic boundaries are imposed

to minimize edge effects. Lengths of fiber segments that cross the shear boundaries are

calculated using Lees-Edwards boundary conditions [131]. Freely-hinged cross-links bind

the intersections of fiber segments permanently at the vertices, which are separated by a

uniform spacing `0. Since the full triangular lattice has a fixed connectivity of zmax = 6,

we randomly detach phantom segments at each vertex such that all remaining cross-

links have fourfold connectivity. These phantom segments move freely through the

network. Fibers spanning the system size lead to unphysical stretching contributions to

the macroscopic elasticity. To avoid this, we cut at least one bond on every spanning

fiber. Finally, to reduce the average connectivity, we dilute the lattice by cutting random

bonds with probability q. Any remaining dangling ends are further removed. The lattice-

based network thus generated is sub-isostatic with average connectivity 3 < z < 4,

average fiber length L = `0/q, and average distance between cross-links `0 < lc <
3
2`0.

5.3 Network Elasticity

The total elastic energyH of the network is calculated by summing up the elastic energies

of the individual fibers. Normalizing by the total area occupied by the network yields the

elastic energy density U = H
A . After imposing a macroscopic simple shear strain γ which
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Figure 5.2: Schematic of network deformations under applied prestress via (a)
isotropic expansion and (b) uniaxial extension with fixed later boundaries. Red dashed
lines indicate the state of the undeformed network. After applying a fixed initial pre-
stress, the network subsequently undergoes simple shear deformation.

increases in dγ steps covering the range 0.01 ≤ γ ≤ 10, we subsequently minimize the

elastic energy density using a conjugate gradient routine [130], by allowing the internal

degrees of freedom in the network to relax. The network stiffness is then given by the

differential shear modulus K = dσ
dγ associated with the shear stress σ = dU

dγ . We also

measure the normal stress response τ at a given shear by applying an infinitesimal strain

dε normal to the shear boundary and then measuring τ = dU
dε

∣∣
γ
.

The stabilizing effect of a uniform applied prestress σp on a sub-isostatic rope network

under simple shear is investigated by imposing increasing amounts of uniform isotropic

bulk expansion εb = A−A0
A0

as well as uniaxial extension εn = L−L0
L0

to the network

(Figure 5.2). Here, A0 and L0 are the undeformed network area and length along one

dimension (e.g., width or height), respectively. In the case of uniaxial extension, the

lateral boundaries are kept fixed. We define the applied bulk prestress as

σb =
1

A

dH(εb)

dεb
(5.2)

and the applied uniaxial prestress as

σn =
1

A

dH(εn)

dεn
(5.3)

at γ = 0. For each amount of prestress (i.e., σp = σb or σp = σn) which is kept fixed, the

network is subjected to increasing shear and the corresponding shear stress and modulus

are measured.
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5.4 Results and Discussion

5.4.1 Rope network response

The response of a rope network to shear deformation above the threshold strain γc(z) for

two different average connectivities z is shown in Figure 5.3. Below the threshold strain,

the network is completely floppy and has zero response. The threshold strain depends

on the nature of the applied deformation and the local network geometry, in particular

the average connectivity [102]. At the isostatic limit zc = 2d, a network of fibers that

interact purely via central forces becomes marginally stable at γ = 0 [113, 119]. As

the connectivity decreases, the network becomes sub-isostatic and exhibits a floppy

phase below a nonzero threshold strain. Above this threshold, the network becomes

rigid. Indeed, it has been shown that γc traces a curve in the γ-z plane below zc that

separates the floppy and rigid phases, and crossing this curve by applying shear to a

network of a fixed connectivity causes a continuous rigidity phase transition analogous

to a ferromagnetic phase transition [103]. The continuous nature is evident in the rope

network response shown in Figure 5.3. In particular, the rigidity shows a critical scaling

K ∼ |∆γ|f , where ∆γ = γ−γc ≥ 0 and f is a critical exponent that shows a dependence

on local network geometry consistent with a previous study [103]. Likewise, the shear

stress shows the scaling σ ∼ |∆γ|1+f , consistent with K = dσ
dγ . We also note that

the normal stress response τ is negative with a magnitude comparable to the shear

stress as one approaches the critical strain, implying that at γc the network may be

susceptible to an extensional prestress such as τ . Moreover, for very large strains,

K ∼ |τ |, suggesting that the network stiffness is controlled by the self-generated normal

stress. In the following section, we investigate the stabilizing effect on rope networks by

uniform prestress that invokes fiber stretching.

5.4.2 Rope networks stabilized by prestress

Rope networks have no resistance to bending or compression modes, so we investigate the

stabilization of these networks by applying uniform prestress that only invokes stretching

modes. As such, we choose isotropic bulk expansion and uniaxial extension with fixed

lateral boundaries. In Figure 5.4, we show the stiffening curves of rope networks as a

function of γ under increasing amounts of bulk and uniaxial prestress. The network is

stable for γ � γc ≈ 0.2, indicated by a constant linear modulus K ∼ G. A striking

observation is the sublinear scaling G ∼ σαp . With bulk prestress, α ' 0.75, and with

uniaxial prestress, α ' 0.70. In Figure 5.5, we show the results for a rope network

with z = 3.6. Again, we observe a sublinear scaling of the linear modulus with applied
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(a)

(b)

Figure 5.3: Shear response (K, σ, and −τ) of a 2D lattice-based rope phantom
network with average connectivity (a) z = 3.2 and (b) z = 3.6, plotted vs γ − γc > 0.
The threshold strain depends on the connectivity: γc(z = 3.2) ≈ 0.198 ± 0.001 and
γc(z = 3.6) ≈ 0.066± 0.001.
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Figure 5.4: Stiffness vs shear strain curves of a rope network at z = 3.2 stabilized
by increasing amounts of prestress via (a) isotropic bulk expansion and (b) uniaxial
extension with fixed lateral boundaries. For comparison, the rope network without
prestress is shown by the dashed red curve. The green dashed curves are a fit of the
stiffening relation in Equation 5.4. In (c) and (d), the linear modulus G is plotted vs
the applied bulk σb and uniaxial prestress σn, respectively. In both cases, the stiffness
scales sublinearly with the applied prestress.

prestress, albeit with smaller exponents than those in networks with z = 3.2. The

significance of a sublinear scaling shows the role of prestress in stabilizing a rope network.

We define the susceptibility to the applied prestress as χp ∝ dG
dσp
∼ σα−1

p , which is

divergent as σp → 0 (Figure 5.6).

5.4.3 Stiffening mechanism

The stiffening mechanism of rope networks should, by construction, be governed by fiber

stretching modes. Above a strain threshold γc set by the underlying network geometry,

the stiffness scales as K ∼ |γ − γc|f , with an exponent f that varies with the average

network connectivity. Below γc, the network stiffness vanishes except in the presence of a

stabilizing field. When stabilized by a uniform prestress σp that invokes fiber stretching

modes, a linear modulus exists which scales with prestress as G ∼ σαp , where 0 < α < 1

is also determined by local network geometry. In the limit of vanishing prestress, the
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Figure 5.5: Stiffness vs shear strain curves of a rope network at z = 3.6 stabilized by
(a) isotropic bulk and (b) uniaxial prestress. The green dashed curves are a fit of the
stiffening relation in Equation 5.4. The insets show the respective linear moduli vs the
applied prestress.

Figure 5.6: Susceptibility χp to an applied prestress in networks with (a,b) z = 3.2
and (c,d) z = 3.6. The susceptibility diverges with vanishing prestress σb or σn.

susceptibility χp ∼ σα−1
p diverges and the network becomes infinitely susceptible to any

stress in the network. This includes self-generated normal stresses, which develop as a

result of the applied shear deformation [88, 107]. For low γ, we find in our prestressed

rope networks that the self-generated normal stress is at the same level as the applied

stress (Figure 5.7). In contrast to fiber networks with finite κ where |τ | ∼ γ2 in the

linear regime [71, 78, 107], rope networks stabilized by prestress show a constant normal

stress dominated by σp as expected. As the network is brought closer to γc, the nonlinear

regime is characterized by |τ | > σp (Figure 5.7b-e). From these observations, we propose
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Figure 5.7: (a) In the linear regime where γ � γc, the magnitude of self-generated
normal stress τ is comparable to the applied prestress σp, the red dashed line of unit
slope has a unit prefactor. The strain dependence of |τ | for networks with (b,c) z = 3.2
and (d,e) z = 3.6 under increasing amounts of bulk prestress σb (red dashed lines) and
uniaxial prestress σn (blue dashed lines). The prestress values are the same as shown
in Figure 5.4 and Figure 5.5.

the following nonlinear stiffening relation in stress-stabilized rope networks:

K ∼ χp|τ |, γ . γc. (5.4)

In the linear regime, |τ | ' σp and we recover the linear modulus G ∼ σαp . We test

the above hypothesis by independently measuring τ as a function of γ. Plotting the

right hand side of Equation 5.4 vs γ and superimposing with the K vs γ curves, we

see a reasonable agreement between the two as shown in Figure 5.4 and Figure 5.5.

The prefactors required to fit Equation 5.4 vary around 0.8± 0.2. Thus, Equation 5.4 is

consistent with the idea that stiffening in sub-isostatic networks is driven by a stabilizing

field such as stress. This includes any self-generated normal stresses which are known

to develop in response to increasing shear deformation [88, 107]. The smaller exponent

α that we find in networks closer to the isostatic threshold zc = 4 shows a larger

susceptibility to stress. In other words, as the network approaches zc, the network

becomes more susceptible to the applied prestress.

5.5 Concluding Remarks

We have presented the general features in the mechanics of sub-isostatic rope networks

subjected to simple shear. Rope networks are completely floppy below a finite threshold

strain in the absence of any stabilizing field. The threshold strain γc is determined

by the underlying network geometry, in particular the average connectivity z. As z

approaches the isostatic limit zc, the network becomes marginally stable even for small

deformations. For a given connectivity well below zc, the network undergoes a continuous
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rigidity transition from a floppy to a rigid phase with increasing shear, where stiffness

scales as a power law K ∼ |γ − γc|f with a non mean-field critical exponent f showing

an apparent dependence on z. This behavior is analogous to a ferromagnetic phase

transition, with γc as the critical strain. By introducing a stabilizing field such as fiber

bending resistance, the network stiffness in the floppy phase scales linearly with the fiber

rigidity, similar to the dependence of magnetization on an applied magnetic field in the

paramagnetic phase. This aspect has been studied in detail in a recent work [103] with

interesting consequences to collagen network mechanics.

The elasticity of sub-isostatic networks have been studied both in terms of stress-

controlled or strain-controlled mechanics [88, 103, 107]. In a network with a finite shear

modulus, controlling the mechanics via stress is entirely equivalent to control in terms

of strain. However, in a rope network there is a finite strain range for which the network

is unstable. Therefore, the only way to stabilize such a system in the limit γ → 0 is

through the application of a constant prestress, which is the focus of the current study.

Here, we find that a linear regime exists in the presence of a uniformly applied exten-

sional prestress (i.e., bulk expansion or uniaxial extension). The linear modulus scales

sublinearly with stress as G ∼ σαp , where the exponent 0 < α < 1 is determined by

the average network connectivity. The self-generated normal stress τ that arises due to

the increasing shear deformation is negative, with a magnitude determined by σp in the

linear regime. The sublinear scaling suggests that rope networks are highly suscepti-

ble to stress. Moreover, in the nonlinear stiffening regime, |τ | outcompetes the applied

prestress. These observations lead to our phenomenological relation which captures the

stiffening of stress-stabilized rope networks below the critical strain γc: K ∼ χp|τ |,
with a susceptibility χp ∼ σα−1

p that diverges with vanishing prestress. By increasing

the average network connectivity closer to the isostatic limit, the exponent α decreases

consistent with the idea that such marginal networks are more susceptible to for in-

finitesimal deformations or stresses and therefore would undergo immediate stiffening

[102, 113, 126]. The stiffening relation that describes stress-stabilized rope networks

recovers the linear modulus in the γ → 0 limit, in contrast to sub-isostatic networks of

stiff fibers which involves an additive relation [88, 107]. There, the additive linear term

arises due to the finite fiber bending rigidity. This implies a fundamental difference in

the underlying mechanics of stress-stabilized rope networks, which will be explored in a

future work.

115


